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Rotation 2D

Rotating a point P=(x,y) through
an angle θ about the origin
O(0,0) counterclockwise means
to determine another point
Q=(x´,y´) on the circle centred at
O such that θ=∠POQ.

(x´, y´)

(x, y)

θ

x ' = x cosθ − ysinθ
y ' = x sinθ + ycosθ

⎧
⎨
⎩
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Rotation 2D: equations

(x´, y´)

(x, y)

θ

φ

Expanding the expressions of x´ 
and y´, we have:

Replacing r cos(f) and r sin(f) by  
x and y in the previous equations,
we get:

x ' = x cosθ − ysinθ
y ' = x sinθ + ycosθ

⎧
⎨
⎩

x = r cosφ
y = r sinφ

⎧
⎨
⎩

x ' = r cos(φ +θ)
y ' = r sin(φ +θ)

⎧
⎨
⎩

x ' = r cosφ cosθ − r sinφ sinθ
y ' = r cosφ sinθ + r sinφ cosθ

⎧
⎨
⎩



12

Rotation 2D: matrix representation

− Although sin(θ) and cos(θ) are not linear functions of θ,

 x’ is a linear combination of x and y

 y’ is a linear combination of x and y

x '
y '
⎡

⎣
⎢

⎤

⎦
⎥ =

cosθ − sinθ
sinθ cosθ

⎡

⎣
⎢

⎤

⎦
⎥
x
y
⎡

⎣
⎢

⎤

⎦
⎥


